Linear Quadratic (LQ) controller design is considered for continuous-time systems with harmonic signals of known frequencies and it is shown that the design is reducible to an interpolation problem. All LQ optimal loops are parametrized by a particular solution of this interpolation problem and a (free) stable/proper transfer function. The appropriate choice of this free parameter for optimal stability robustness is formulated as a multiobjective design problem and reduced to a Nevanlinna-Pick interpolation problem with some interpolation points on the boundary of the stability domain. Using a related result from the literature, it is finally shown that, if there is sufficient penalization on the power of the control input, the level of optimum stability robustness achievable with LQ optimal controllers is the same as the level of optimum stability robustness achievable by arbitrary stabilizing controllers.
Introduction
Consideration of harmonic signals in control systems is important from theoretical as well as practical viewpoints. Theoretical motivation comes from the fact that harmonic signals can be expressed as the superposition of countably many sinusoids. This fact can be utilized to launch a frequency domain approach for the treatment of harmonic signals in feedback systems. On the other hand, many engineering systems experience harmonic disturbances. Two common examples are helicopters experiencing vibrations [l] , and disk drives subjected to periodic disturbances [13] . The solutions of the standard control problems of reference tracking and disturbance rejection for deterministic signals utilize the (by now classical) Internal Model Principle of [5] . In accordance with this principle, the dynamics of the deterministic signal is replicated in the loop, and the overall design is formulated as the minimization of an appropriate LQ cost. This minimization can then be performed via the state-space methods available for LQ design (see e.g. [2, 71 ). An LQ design problem with harmonic signals is considered only recently in [ll] , with a formulation similar to the original LQ problem, by defining the cost directly for the original system. The development is considered for multivariable discretetime systems and the optimal solutions are described by some interpolation conditions. A much simpler formulation of the LQ problem for harmonic signals was done in [9] . The present work extends the development of 191 to achieve some results which can be easily interpreted and employed in multiobjective design problems.
The rest of the paper is organized as follows. In the next section, we describe the setup and give the basic problem formulation of LQ control for harmonic signals (LQH control). In Section 3, we review the internal stability of linear time-invariant (LTI) single-input singleoutput (SISO) feedback control systems. In Section 4, we show that the problem of LQH control is reducible to an interpolation problem and parametrize all LQH optimal controllers by a particular solution of this interpolation problem and a free stable/proper transfer function. Motivated by this parametrization, we consider a multiobjective design problem in Section 5 and develop a robust controller synthesis procedure. After we present a simple example in the penultimate section, we conclude by summarizing our results.
Problem Formulation
Throughout the paper, we restrict our attention to SISO and LTI continuos-time systems, though the results are applicable to discrete-time systems with some minor modifications. We consider plants and controllers with real rational transfer ,functions. The minor notational preferences are as follows. 
[e(t)I2-+ [F(s)u(t)I2, (1)
where F is a LTI stable and minimum phase filter. With the minimization of the LQ cost, the plant output is forced to follow the reference command quadratically optimally with appropriately low control effort. In this paper, we-will study the LQ control problem with harnals can be expressed as 
Internal Stability Constraints
For simplicity of presentation, we consider in the following parts of our paper that the plant P has simple strict right half plane poles pi; i = 1, ..,np and simple right half plane zeros (excluding infinity) zi; i = 1, .., n,. We will refer to pi as unstable poles and to zi as unstable (4) where is a stable and minimum-phase transfer function. The well known Youla parameter, sensitivity and the complementary sensitivity function of the closed loop system of Figure 1 are defined as
T ( s ) 4 [l + P ( S ) C ( S > ] -~P ( S ) C ( S ) .

(7)
It is easy to find that S and T relate to Q as where a, and are ?tm transfer functions (see [3] ).
Noting that T = PQ (from (4), (9) and (lo)), and S + T = 1 .(from ( 6 ) and (7)), we can write
This relation imposes on Q a group of interpolation constraints which can be expressed as 
If z is a harmonic signal of the form (Z), 9,, can be
where 6 is the well-known Dirac's delta function. Using this in (17) and noting that we are working with real rational transfer functions, we can immediately obtain the expression of the LQH cost (JLQ with the 2 of (2)) as Our preliminary result, stated in the following theorem, is a direct consequence of this expression. is the minimal realization of B;'(l -B,p&). This parametrization describes the whole set of universally optimal (see [ll] ) LQH controllers. In other words, the controllers which can be expressed as in (24) optimize JLQ for any x of the form (2), independent of the magnitudes ai and phases &.
Robust LQ Design for Harmonic Signals
The principal result of the previous section is the reduction of an LQ design problem t o an interpolation problem. It is well known that some basic 3 1 , design problems also reduce to interpolation problems (see e.g.
[4]). As the LQ design problem of the previous section admits infinitely many solutions parametrized in (24), other design objectives can also be considered. Common framework of treatment with 3-1, control motivates us for multiobjective designs in which an ' H , cost is to be minimized in addition to the LQH cost. Two It follows from the discussion above that, the determination of the optimum cost necessitates the use of the Nevanlinna-Pick theory. Due to the presence of interpolation points on the boundary of the stability domain (which is the imaginary axis for our case), the standard theory (which assumes no boundary interpolation points) is not applicaple. An extended treatment of the Nevanlinna-Pick problem to include boundary interpolation points is done by Khargonekar and Tannenbaum in [8] . For the sake of completeness, we cite below their relevant result with necessary adaptations. Obviously the optimum of our multiobjective design problem is generally unattainable due to the relative degree constraint and the degeneracy imposed by the interpolation conditions at the harmonics. Yet any (slightly) greater cost, which is arbitrarily close to the optimum, is achievable (similarly to the 31, optimization). We outline below a procedure, with which such solutions can be constructed. 
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4.
5.
6.
Determine y(Z, n Tu) using (30) and (34) .
Find G E z,ng such that l l G1103 Obtain CRLQH as CRLQH = QRLQH/SRLQH. The second step of this procedure necessitates a Nevanlinna-Pick interpolation algorithm that can treat boundary interpolation points. Such an algorithm can be found in [lo] . Actually, the algorithm of [lo] can also cope with unity relative degree requirement, and this might be useful in obtaining low degree controllers. If G is constructed to have a certain relative degree, the third step of the algorithm should be modified accordingly. 6 Illustrative Design E x a m p l e
We illustrate the robust LQ design with harmonic signals for a simple plant with transfer function P = l/(s-1). Clearly, we have B, = 1, Bp = ( 5 -l ) / ( s + l ) and P = l / ( s + 1). The internal stability constraint on Q is simply Q ( l ) = 2. With -W = (s + 0.2)/(s + 1)2, the infimum of (25) is W(l)Q(l) = 0.6 and thus the minimizing G is simply 0.6 (see [4] ). This solution cannot be achieved by any proper controller (as the required relative degree for G is unity), yet can arbitrarily be approached. If robust LQH design is considered for frequencies wi = {0.5,1,2}, conditions of (36) are (just) satisfied by F(0.5j) = 0, F ( j ) = 0.3177 and F ( 2 j ) = 0.3156, Assuming a denominator polynomial of (s + 1)6 for Q, and finding the appropriate numerator polynomial to satisfy (12) and (21) The magnitude variation of W Q correponding to the optimally robust loop, LQH optimal loop and robust LQH optimal loop are are displayed in Figure 2 . As the figure shows, WQRLQH has a similar magnitude variation with the W Q x , except at the harmonics and the high-pass band. The 31, norm of WQRLQH is 0.65.
If CRLQH is constructed with a smaller c, the variations will look more similar and the 3-1, cost of CRLQH will be closer to 0.6, however the numerical sensitivity of the synthesis algorithm does not allow extremely small E'S. Moreover, the results of the simulations performed with a harmonic disturbance and zero reference (see Figure 3) show that, the robust LQH controller has a poor transient behaviour (control is started after the second period). With smaller e 's, the transient response gets worse. This is the most remarkable tradeoff in the robust design. 
Conclusions
We considered the LQ design problem for linear timeinvariant continuous-time systems with harmonic signals of known frequencies and showed that the design is reducible to an interpolation problem. We then parametrized all LQH optimal controllers in terms of a particular LQH optimal solution and a free parameter.
The choice of this free parameter to obtain a desired overall closed-loop behaviour motivated a multiobjective design problem, in which an 31, cost as well as the LQH cost is to be minimized. Here we considered the stability robustness optimization together with LQ optimization for harmonic signals and showed that this problem is reducible to a Nevanlinna-Pick interpolation problem with some interpolation points on the boundary of the stability domain. If the frequency weighting filter in the LQ cost has sufficiently great magnitudes at the harmonics under consideration, the optimal robust stability level can arbitrarily be approached while simultaneously satisfying the LQH optimality conditions. This result finds its use in a design procedure in which stability robustness is the principal concern and tracking/rejection of the harmonic signals is the secondary aim. Our results apply to discrete-time systems with some minor modifications. Several other 31, design problems (e.g. weighted sensitivity minimization, gain margin optimization) can be considered together with LQ optimal design for harmonic signals and they can be solved via similar interpolation methods.
